In this paper, the existence and uniqueness of the local generalized solution and the local classical solution for the initial boundary value problem of the quasi-linear wave equation with viscous damping are proved. The nonexistence of the global solution for this problem is discussed by an ordinary differential inequality. Finally, an example is given.
Introduction
In this paper, we are concerned with the following initial boundary value problem: derivative with respect to x and t, respectively. Equations of type of (1.1) are a class of nonlinear evolution equations governing the motion of a viscoelastic solid composed of the material of the rate type; see [1, 2, 4, 6] . It can also be seen as field equation governing the longitudinal motion of a viscoelastic bar obeying the nonlinear Voigt model; see [3] . When δ = μ = 0, there have been many impressive works on the global existence and other properties of solutions of Eq. (1.1); see [1, 2, 5, 8] . In special, in [9] the authors have proved the global existence and uniqueness of the generalized and classical solution for the initial boundary value problem (1.1)-(1.3) when we replace δ|u t | p−1 u t and μ|u| q−1 u by f (u t ) and g (u) , respectively, i.e. the following existence theorem is proved. 
But about the blow-up of the solution for problem (1.1)-(1.3) there has not been any discussion.
In the present paper, under certain conditions we prove that problem (1.1)-(1.3) admits a unique local generalized solution and local classical solution. To study the blow-up of the solution for problem (1.1)-(1.3), we first establish an ordinary differential inequality (see Lemma 3.2), next we apply this inequality to give the sufficient conditions of blow-up of the solution for problem (1.1)-(1.3). To this end, we also need to prove the existence of the local solution of problem (1.1)-(1.3).
This paper is organized as follows. In Section 2 we prove the existence and uniqueness of local solution for problem (1.1)-(1.3). We establish an ordinary differential inequality (Lemma 3.2) and use it to study the blow-up of the solution for problem (1.1)-(1.3) in Section 3. An example is given in Section 4.
The existence and uniqueness of local solution for problem (1.1)-(1.3)
In this section we are going to prove the existence and the uniqueness of the local generalized solution and the local classical solution for problem (1.1)-(1.3) by the Galerkin method and the compactness theorem.
Let {y i (x)} be the orthonormal bases in L 2 (Ω) composed of the eigenvalue problem
be the Galerkin approximate solution of problem (1.1)-(1.3), where α Ni (t) are the undermined functions, N is a natural number. Assume that the initial value functions ϕ(x) and ψ(x) may be expressed 
of the initial value functions ϕ(x) and ψ(x) into (1.3), we arrive at 
is uniformly bounded, where 
to two sides and using integration by parts, we obtain Using the Gagliardo-Nirenberg interpolation theorem and (2.5) we arrive at 
Using the differentiation it follows from straightforward calculation that
14)
where C 12 -C 14 are constants independent of N . Applying (2.5), (2.7), (2.8) and observing the following conditions hold:
= 0, where = 0, 2, 4, . . . , m − 3 when m 3 is an odd number; = 0, 2, 4, . . . , (m − 2) when m 2 is an even number, from (2.12)-(2.14) we get
where C 16 -C 20 are constants independent of N . We apply (2.5) to obtain where K 1 > 0 is a constant independent of N . For any t ∈ (0, T N ) it follows from (2.19) that
(2.20)
If we take t 1 which satisfies
where 0 < B < 1, then (2.4) holds on [0, t 1 ]. It follows from the above formula that 
where ν 2; (2) ϕ ∈ H m (Ω) and ψ ∈ H m−1 (Ω).
If 4 m min{p + 1, q + 1} (if m is an odd number, m min{p + 2, q + 2}; when p = 1, 4 m q + 1), then problem (1.1)-(1.3) admits a local generalized solution u(x, t) which satisfies the following identity:
28) and the initial boundary conditions in the classical sense, where Q t 1 = Ω × (0, t 1 ). The solution has the continuous derivatives u x s (x, t) (0 s m − 2), u x s t (x, t) (0 s m − 4) and the generalized derivatives u x s (x, t) (0 s m), u x s t (x, t) (0 s m − 1) and u x s tt (x, t) (0 s m − 3). If m 5, then the solution of problem
(1.1)-(1.3) is unique. If 6 m min{p + 1, q + 1}, then problem (1.1)-(1.3
) admits a unique local classical solution u(x, t) and the solution has the continuous derivatives u x s (x, t) (0 s m − 2), u x s t (x, t) (0 s m − 4), u x s tt (x, t) (0 s m − 6) and the generalized derivatives u x s (x, t) (0 s m), u x s t (x, t) (0 s m − 1), u x s tt (x, t) (0 s m − 3) and u x s t 3 (x, t) (0 s m − 5).
Proof. From (2.22) and (2.23) we know that when m = 4, using the Sobolev embedding theorem we infer 1)-(1.3) has a local generalized solution. This solution has the regularities as those stated in Theorem 2.1 and satisfies (2.28) and the initial boundary conditions in the classical sense.
We now prove the uniqueness of the solution. Suppose that u(x, t) and v(x, t) are two solutions of the initial boundary value problem (1.1)-(1.3) . Let
w(x, t) = u(x, t) − v(x, t).
Then w(x, t) satisfies the initial boundary value problem 
Sinceũ,ũ x ,ū t ,ū xt andû x take the median between u and v, u x and v x , u t and v t , u xt and v xt , u x and v x , respectively, and they are bounded, it follows from (2.33) that
The Gronwall inequality yields
Therefore u(x, t) = v(x, t).
When m 6, it is easy to prove that problem (1.1)-(1.3) admits a unique local classical solution u(x, t). This solution has the regularities as those stated in Theorem 2.1. This completes the proof of the theorem. 2 Remark 2.1. Under the conditions of Theorem 2.1, if 3 = m min{p + 2, q + 2}, then problem (1.1)-(1.3) admits local generalized solution u(x, t) which satisfies (2.28), the boundary value condition (1.2) in the classical sense and the initial value condition (1.3) in the generalized sense are fulfilled.
An ordinary differential inequality and blow-up of solution
In this section, we are going to discuss the blow-up of the solution for problem (1.1)-(1.3) . To this end, we first establish an ordinary differential inequality and use it to study the blow-up of the solution for problem (1.1)-(1.3) .
To prove Lemma 3.2 we quote the following lemma.
Lemma 3.2. Suppose that a positive differentiable function M(t) satisfies the inequalitẏ
where M(0),Ṁ(0), r > 1, C > 0 are constants and
Then there is a constant T such that M(t) → ∞ as t → T − .
Proof. We consider the following initial value problem of the Bernoulli equation:
3)
Solving problem (3.3), (3.4), we obtain the solution
where
Clearly, Z(t 1 ) = 1, 
as t → ∞. Take t 1 sufficiently large such that
r−1
We assert from (3.6) and the assumption of F that
Therefore, 
and
, where 
Proof. Multiplying both sides of (1.1) by 2u t , integrating over (0, 1), we arrive at
We havė
Using the assumption (2) of Theorem 3.1, integrating by parts and observing
further we infer by the assumptions of Theorem 3.1 thaẗ where A 1 = (K − 2)α.
